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We study Generalized Parton Distribution functions (GPDs) usually measured in hard exclusive
processes and encoding information on the three dimensional partonic structure of hadrons and
their spin decomposition, for non zero skewness within the AdS/QCD formalism. To this aim the
canonical scheme to calculate GPDs at zero skewness has been properly generalized. Furthermore,
we show that the latter quantities, in this non forward regime, are sensitive to non trivial details of
the hadronic light front wave function, such as a kind of parton correlations usually not accessible
in studies of form factors and GPDs at zero skewness.
I. INTRODUCTION
In the last years, much theoretical and experimental
attention has been focused on the study of non pertur-
bative quantities in QCD encoding fundamental informa-
tion on the partonic proton structure, e.g., parton distri-
bution functions (PDFs), transverse momentum depen-
dent PDFs (TMDs), double parton distribution functions
(dPDFs) and generalized parton distribution functions
(GPDs) [1–4]. From a theoretical point of view, GPDs
allow to grasp information on the three dimensional par-
tonic structure of hadrons [5], and thanks to the so called
Ji’s sum rule, to access the orbital angular momentum
of partons inside hadrons. This knowledge is crucial to
shed some light onto the still open problem of the proton
spin crisis. From an experimental point of view, GPDs
represent a challenge due to the difficulties in the mea-
surements of high energy exclusive events (see [6, 7] and
references therein).
In this paper, we study the GPDs using the AdS/QCD
scheme proposed by Brodsky and de Te´ramond [8–14]
based on the original AdS/CFT Maldacena conjecture
[15]. The idea comes from the observation that for small
momentum transfer the QCD coupling constant can be
approximated by a constant and quark masses can been
neglected [16]. Confinement can be simulated in differ-
ent ways [8, 10, 11, 17, 18]. A crucial ingredient of this
proposal is the mapping between the Light Front (LF)
Hamiltonian formulation of QCD and the AdS descrip-
tion of hadrons. This correspondence is implemented
by relating the fifth dimensional variable z with the LF
transverse position and longitudinal momentum fractions
carried by partons [13]. This approach has been success-
fully applied to the calculations of the hadronic spectrum,
the form factors and the GPDs for ξ = 0 (ξ represents the
skewness) [8, 10, 11, 13, 19–37]. Moreover, a first anal-
ysis of hard deep inelastic scattering at small x within
AdS/CFT has been proposed in Ref. [38]. In the present
paper we focus our attention in the calculation of the
∗Electronic address: mrinaldi@ific.uv.es
GPDs for ξ 6= 0, within the soft-wall model [8, 10, 11],
proposing a suitable extension of the approaches already
discussed in the literature [11, 27, 39]. This step is nec-
essary to provide a complete description of the GPDs in
the AdS/QCD scheme which allows comparison of the-
oretical results with data usually obtained for ξ 6= 0.
Furthermore, our results open new ways to calculate ob-
servables within the AdS/QCD framework which may
lead to useful predictions on the structure of hadrons.
II. FORM FACTOR IN ADS/QCD
Before we describe GPDs let us review the AdS/QCD
formalism for the calculation of form factors within the
soft-model. In this case the breaking of conformal invari-
ance is induced by introducing a quadratic dilaton term
Φ = e±κ
2z2 in the AdS action. The effect of the break-
ing can be directly incorporated into the baryonic field
[16, 27] and the confining potential, depending on the
dilaton term, is put in by hand in the soft-wall model.
The strategy to connect AdS quantities to the correspon-
dent Light Front (LF) ones is to write the AdS Dirac
equation, associated to the AdS action, as a LF equation
and to obtain the corresponding baryon wave function
by solving an equation in the 2× 2 spinor representation
[27]. Let us just show the analytic expression of such
baryonic functions for two values of the orbital angular
momentum, Lz = 0 and Lz = 1, respectively [26]:
φ+(z) =
√
2κ2
R2
z7/2e−κ
2z2/2,
φ−(z) =
κ3
R2
z9/2e−κ
2z2/2 (1)
where κ = 0.4066 GeV has been fixed to fit data on
proton and neutron form factors [24, 27].
The other fundamental ingredient of the calculation of
form factors within the AdS/QCD scheme is the bulk-to-
boundary propagator whose expression, in the soft wall
model, reads [16, 40]:
2V (Q2, z) =
∫ 1
0
V˜ (x, t, z) dx
=
∫ 1
0
xQ
2/(4κ2)
(1− x)2 e
−κ2z2x/(1−x)dx . (2)
Following Refs. [16, 27], the final expression for form
factors reads as follows:
F±(Q
2) = g±R
4
∫
dz
z4
V (Q2, z) φ2±(z) , (3)
where the effective charge g± determines the spin-
flavor structure of form factors [26, 27] (see explicit ex-
pressions of Dirac and Pauli form factors in Ref. [27].)
III. GPDS IN ADS/QCD
As already discussed, e.g., in Ref. [27], the proton
GPDs at ξ = 0, within the soft-wall model, can be cal-
culated from form factors. However, for the purpose of
the present analysis, it is convenient to relate the spin
dependent light-cone correlator [4, 41] Cqλ,λ′ (x, ξ, t) to
φ±(z), being λ (λ
′) the third component of the proton
spin in the initial (final) state. To this aim, using then the
parametrization of Dirac and Pauli form factors in terms
of the flavor dependent GPDs, one obtains [16, 27]:
Cu++(x, 0, t) = R
4
∫
dz
z4
V (x, t, z)
[
5
3
φ2+(z) +
1
3
φ2−(z)
]
,
(4)
Cd++(x, 0, t) = R
4
∫
dz
z4
V (x, t, z)
[
1
3
φ2+(z) +
2
3
φ2−(z)
]
and for the spin flip part one has:
Cu+−(x, 0, t) = R
4(2χp + χn)
∫
dz
z4
V (x, t, z) φ2−(z) ,
Cd+−(x, 0, t) = R
4(2χn + χp)
∫
dz
z4
V (x, t, z) φ2−(z). (5)
Since the light cone correlator directly depends on the
LF proton wave function [41], in order to match results
found within the AdS/QCD framework with the same
quantities evaluated within the LF approach, the bary-
onic functions φ±(z) must be related to the LF proton
wave functions [13]. To this aim the variable z turns
out a function of ~bi⊥ and xi, the transverse position and
longitudinal momentum fraction carried by the i parton
respectively [13].
We proceed to calculate the GPDs for ξ 6= 0. These
quantities have been also studied in a recent paper in
Ref. [39] within a different approach and using the IR
improved soft-wall model [42]. To this aim since the LF
proton wave function is a frame independent quantity
[43], it is useful to work in the intrinsic frame where z =
z1 =
√
x1/(1− x1)|~b1⊥| can be considered as a one body
variable (for details on the chosen frame see, e.g., Ref.
[44]). In this scenario, Eqs. (4, 5) can be written in
terms of z1, associated to the interacting parton, and z2
associated to a second spectator particle. Within this
choice, the light cone correlator can be written:
Cqab(x, 0, t) = R
8
∫
dx1dx2
dz1
z41
dz2
z42
V (x1, t, z1)
× [nqabφ2+(z1, z2) +mqabφ2−(z1, z2)]δ(x− x1) , (6)
being a, b = ±. As one can see, expressions (4,5) are
recovered by choosing nqab and m
q
ab according to Eqs.
(4,5) and properly introducing the following normaliza-
tion conditions:
R4
∫
dz2
z42
φ2±(z1, z2) = φ
2
±(z1);
R8
∫
dz1
z41
dz2
z42
φ2±(z1, z2) = 1 . (7)
Let us call φ±(z1, z2) the “two body intrinsic” proton
function, where the spin-flavor part is already included.
As will be discussed later on, the expression Eq. (6) is
quite suitable for the generalization of the correlator at
ξ 6= 0. Following the line of Ref. [41], in order to include
the ξ dependence, it is sufficient to properly change the
argument of the two body intrinsic proton function, ap-
pearing in Eq. (6). To this aim, let us introduce the
following variable z¯i, in the initial state and z˜i in the
final one:
z¯i =
√
1− x¯i
x¯i
xi
1− xi zi , z˜i =
√
1− x˜i
x˜i
xi
1− xi zi ; (8)
where here
x¯1 =
x1 + ξ
1 + ξ
, x¯2 =
x2
1 + ξ
, x˜1 =
x1 − ξ
1− ξ , x˜2 =
x2
1− ξ .
(9)
Starting from the generalization of the correlator, Eq.
(6), in the ξ 6= 0 case, using as argument the variables
described in Eqs. (8,9), one finds:
Eqv(x, ξ, t) =
√
t0 − t
−t
R8√
1− ξ2
∫
dx1dx2dz1dz2 z1z2
× V˜ (x1, t, z1) fq
(2π)2
φ−(z¯1, z¯2)φ−(z˜1, z˜2)
δ(x− x1)
[z¯1z¯2z˜1z˜2]5/2
×
√
x¯1x¯2x˜1x˜2
(1− x¯1)(1 − x¯2)(1 − x˜1)(1− x˜2)
(1− x1)(1 − x2)
x1x2
,
(10)
3where, in the last line, functions of x¯i and x˜i do not
cancel the jacobian due to the transformation between
bi⊥ and zi, in this not diagonal case. Moreover, the flavor
coefficient fq is defined as follows:
fu = 2χp + χn , fd = 2χn + χp , (11)
where χp(n) is the anomalous magnetic moment of pro-
ton (neutron). For the GPD H one finds:
Hqv (x, ξ, t) =
R8
1− ξ2
∫
dx1dx2dz1dz2 z1z2 (12)
× V˜ (x1, t, z1)
[
ξ2√
1− ξ2
√
t0 − t
−t φ−(z¯1, z¯2)φ−(z˜1, z˜2)fq+
+ Fq(z¯1, z¯2, z˜1, z˜2)
]
1
(2π)2
1
[z¯1z¯2z˜1z˜2]5/2
δ(x− x1)
× (1 − x1)(1 − x2)
x1x2
√
x¯1x¯2x˜1x˜2
(1− x¯1)(1− x¯2)(1 − x˜1)(1 − x˜2) .
where in this case the following flavor function has been
introduced:
Fq(z1, z2, z2, z4) =
[
nq++φ
2
+(z1, z2) +m
q
++φ
2
−(z1, z2)
]1/2
× [nq++φ2+(z3, z4) +mq++φ2−(z3, z4)]1/2 .
(13)
IV. NUMERICAL SOLUTIONS FOR THE TWO
BODY INTRINSIC FUNCTION
In order to evaluate GPDs at ξ 6= 0 the calculation of
the two body intrinsic function is necessary, however, the
only constraint for the evaluation of φ±(z1, z2) is the in-
tegral Eq. (7). Due to this condition different two body
intrinsic distributions, corresponding to the same 1 body
one (φ±(z)), can be found. In particular, in the present
analysis, two physically different scenarios have been con-
sidered, i.e. a fully uncorrelated ansatz, 1φ±(z1, z2) and
a correlated one, 2φ±(z1, z2). For the uncorrelated case,
one can straightforwardly consider a function where the
z1 and z2 dependence is fully factorized:
1φ±(z1, z2) = φ±(z1)φ±(z2) . (14)
For the evaluation of the correlated plus distribution
2φ+(z1, z2), a numerical solution of Eq. (7) has been
used:
2φ+(z1, z2) =
C5
R4
e−κ
2β(z1,z2)/2κ5z41z
4
2 (15)
×
[
C1U
2(−1, 1, C4 β(z1, z2)) + C2U2(−2, 1, C4 β(z1, z2))
+ C3U(−1, 1, C4 β(z1, z2))U(−3, 1, C4 β(z1, z2))
]1/2
being β(z1, z2) = z
2
1 + z
2
2 + z1z2 and U(a, b, z) the
Tricomi confluent hypergeometric function and the coef-
ficients read:
C1 = 1.68944 ; C2 = 17.977 ; C3 = −18.5158 ;
C4 = 0.082599 ; C5 = 2.75434 . (16)
For the minus component, one finds
2φ−(z1, z2) =
D4
R4
e−κ
2β(z1,z2)/2κ7z51z
5
2 (17)
×
[
D2U
2(−1, 1, D1 β(z1, z2)) +D3U2(−2, 1, D1 β(z1, z2))
+ D5U(−1, 1, D1 β(z1, z2))U(−3, 1, D1 β(z1, z2))
]1/2
where now the coefficients read:
D1 = 1.48814 ; D2 = 38.6679 ; D3 = 0.208628 ;
D4 = 0.04298 ; D5 = 3.73552 . (18)
In order to qualitatively show the accuracy of the pro-
cedure, in Fig. 1, the integrals over z2 of 2φ
2
+(z1, z2)
( full line) and 2φ
2
−(z1, z2) (dashed line) are compared
to φ2+(z1) ( star points) and φ
2
−(z1) (squared points) re-
spectively. As one can see the accuracy is quite good for
z1 < 10 GeV
−1. With the comfort of these successful
checks, in the next section, the result of the calculation
of the GPDs at ξ 6= 0, within the correlated and uncor-
related ansatz, will be discussed.
V. NUMERICAL ANALYSIS OF THE GPDS AT
ξ 6= 0
In this section, the main results of the calculations of
the valence GPDs at ξ 6= 0 are presented. The differ-
ence between the calculations of the GPDs, performed
by means of the uncorrelated and correlated scenarios
can be considered as the theoretical error of the present
approach. In Fig. 2, the GPDHuv (x, ξ, t) has been shown
for t = −0.3 GeV2 (left panel) and t = −1.0 GeV2 (right
panel) for four values of ξ (see caption of Fig. 2). As one
can notice, the shape of GPDs, in the ξ dependence, is
basically decreasing, qualitatively in agreement with re-
sults discussed in Refs. [41, 44], where GPDs have been
calculated within constituent quark models. This trend
is also confirmed for the GPD Euv (x, ξ, t), see Fig. 3.
Same results are found for the flavor d. Moreover, for
ξ = 0, as expected, results discussed in Ref. [27] are
fully recovered using both the correlated and uncorre-
lated form of φ±(z1, z2). Furthermore, for the GPDs H ,
one can notice that the difference between the calcula-
tions with the correlated and the uncorrelated two body
intrinsic proton functions is quite small. This feature
can be understood by looking at the central panel of Fig.
1 where the ratio 1(2)φ+(z1, z2)/1(2)φ−(z1, z2) has been
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FIG. 1: Left panel: Comparison between the analytic functions φ2
±
(z1) and the numerical integral Eq. (7) evaluated by means of the
correlated two body intrinsic function. Full line integral over z2 of 2φ+(z1, z2). Star points φ+(z1). Dashed line integral over z2 of
2φ−(z1, z2). Squared points φ−(z1). Central panel: Full line the ratio 2φ+(z1, z2 = 5 GeV
−1)/2φ−(z1, z2 = 5 GeV
−1), dot-dashed line
the ratio 1φ+(z1, z2 = 5 GeV−1)/1φ−(z1, z2 = 5 GeV−1). Right panel: the difference between the calculations of the two body intrinsic
functions within the correlated and uncorrelated ansatz. Full line: 1φ+(z1, z2 = 5 GeV
−1) −2 φ+(z1, z2 = 5 GeV
−1); dot-dashed line:
1φ−(z1, z2 = 5 GeV
−1)−2 φ−(z1, z2 = 5 GeV
−1).
FIG. 2: Left panel: the GPDs Hu
v
(x, ξ, t) evaluated at t = −0.3 GeV2 for four values of ξ = 0, 0.05, 0.1, 0.2. The full line is obtained
by means of the correlated two body intrinsic function, the dot-dashed lines is obtained by means of the uncorrelated one and dotted is
obtained for ξ = 0 (same result obtained and discussed in Ref. [27]). The band between the two lines represent the theoretical error.
Right panel: same quantity of left panel evaluated at t = −1 GeV2 and ξ = 0, 0.2, 0.3, 0.4.
FIG. 3: Same of Fig. 2 but for the GPDs Eu
v
(x, ξ, t).
shown for z2 = 5 GeV
−1 (approximately the maximum
of the distributions). The full line corresponds to the cal-
culation with the correlated ansatz and the dot-dashed
one is obtained by means of the uncorrelated two body
intrinsic function. As one can see, for small values of
z1 in both cases the plus component is dominant w.r.t.
the minus one. Let us remark that since the bulk-to-
boundary propagator, Eq. (2), is peaked around z1 ∼ 0,
the integrals Eqs. (10, 12) are dominated by the small z1
region. Furthermore, in this range of z1, the difference
between the correlated and uncorrelated calculations of
the plus component of the two body intrinsic function
(see the full line in the right panel of Fig. 1) is dramati-
cally small, a feature that explains the small error band
in the evaluation of the GPD H in Fig. 2. Regarding the
GPD E, since in this case, as one can see in Eq. (10),
this quantity depends only on the minus component of
the two body intrinsic proton function, the error between
the correlated and uncorrelated ansatz is bigger then in
the plus component case. One can realize such feature
5by looking at the dot-dashed line in the right panel of
Fig. 1. This aspect explains why, in the same kinematic
conditions, the error in the calculation of the GPD E
is bigger then that in the GPD H case. Let us stress
that for both GPDs for very small values of ξ and t, the
kinematic condition useful to study Ji’s sum rule and the
three dimensional partonic structure of the proton, the
error in the present approach is quite small. In particu-
lar, in this framework, the decreasing trend of the GPDs
in the ξ dependence is due to partonic correlations. Fur-
thermore, our analysis shows that if high values of ξ and
t are reached in experiments, the GPDs at ξ 6= 0 are
more sensitive to details of the full proton wave function
than form factors or GPDs at ξ = 0, allowing to access
parton correlations usually integrated out in the diago-
nal case. This analysis has taught us how distributions
sensitive to correlations, like GPDs in non forward re-
gions, evaluated thanks to the experience gained in the
LF and AdS/QCD approaches, can be used to find the
importance of correlations in the structure of hadrons.
In further studies, this analysis will be completed by cal-
culating, within the present scheme, other distributions,
like dPDFs already investigated within the LF approach
[45–47], and which have shown to be sensitive to the kind
of correlations here addressed. Work is in progress in
that direction. A first evaluation of an approximated
expression of dPDFs, through the AdS/QCD correspon-
dence, together with the calculation of an experimental
observable is discussed in Ref. [48].
VI. CONCLUSION
In the present analysis, GPDs have been calculated
in a fully non forward region, namely ξ and t different
from zero. To this aim, the usual strategy, developed to
evaluate GPDs at ξ = 0, within the AdS/QCD corre-
spondence together with the soft-wall model, has been
extended in order to evaluate the full proton Light-Front
wave function from AdS/QCD, including, in principle,
two body correlations. As shown, within this approach,
results previously discussed in other analyses have been
successfully recovered and the ξ dependence found for
the leading twist GPDs H and E, evaluated for differ-
ent flavors, is compatible with the one discussed in cal-
culations with constituent quark models. Furthermore,
since in the present study the full proton wave function is
obtained by solving an integral equation, different solu-
tions have been scrutinized for the numerical evaluations
of GPDs and a discussion on the theoretical error of the
approach has been provided. In particular, for small val-
ues ξ, using different proton wave functions, leading to
same form factors and GPDs at ξ = 0, similar results
have been found. However, since at high values of ξ, in
particular for the GPD E, these quantities start to be
sensitive to details of the proton structure, e.g., to two
body correlations, differences in the calculations of the
latter with correlated and uncorrelated distributions be-
come sizable. Results presently discussed demonstrate
that in principle new information on partonic structure
of hadrons can be obtained from GPDs at ξ 6= 0, indi-
rectly accessing two parton correlations, usually studied,
e.g. with double parton distribution function in double
parton scattering. In closing, our analysis shows that
AdS/QCD can be used in the future to estimate other
fundamental observables and parton distributions.
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